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Outline

® Problem setup: randomized subspace approximations & canonical angles
* Prior probabilistic bounds/estimates & posterior residual-based guarantees

* Numerical comparisons: effectiveness of canonical angle bounds & estimates

In practice



Leading Singular Subspaces

®* Singular value decomposition (SVD)

Given A € C™", 1 < k < r =rank(A), rank-k truncated SVD:

Ak: Uk Zk V;{k

mxk kXk jxn
* Maximum-k singular values: 2, = diag(oy, ..., 0,)
* Leading-k singular subspaces: U*U;, = V*V, =1,
®* Eckart-Young-Mirsky theorem

A,= min |[[A-A|;
rank( A )<k

®* Truncated SVD provides the optimal rank-k approximation
®* Broad Applications

®* Low-rank approximations, PCA, CCA, spectral clustering,
leverage score sampling, etc.
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®* Singular value decomposition (SVD)

Given A € C"™" 1 < k < r =rank(A), rank-k truncated SVD:
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mxk kXk jxn

* Maximum-k singular values: 2, = diag(oy, ..., 0,)

* Leading-k singular subspaces: U*U;, = V*V, =1,

* Eckart-Young-Mirsky theorem Spectral clustering on the dimension-6

A, = min ||A X [ leading singular subspace of a mini-MNIST
- rank( A )<k d dataset (8 X 8 images of digits 0-5)

®* Truncated SVD provides the optimal rank-k approximation
®* Broad Applications

®* Low-rank approximations, PCA, CCA, spectral clustering,
leverage score sampling, etc.
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Leading Singular Subspaces

®* Singular value decomposition (SVD)

Given A € C"™" 1 < k < r =rank(A), rank-k truncated SVD:

Ak: Uk Zk V;{k

mxk kXk jxn

* Maximum-k singular values: 2, = diag(oy, ..., 0,)

* Leading-k singular subspaces: U*U;, = V*V, =1,

* Eckart-Young-Mirsky theorem Spectral clustering on the dimension-6

A, = min |A XH leading singular subspace of a mini-MNIST
ko rank( A )<k d dataset (8 X 8 images of digits 0-5)

®* Truncated SVD provides the optimal rank-k approximation Sketching: Approximate leading singular subspaces

* Broad Applications efficiently for large matrices

* Low-rank approximations, PCA, CCA, spectral clustering, Questions: How accurate are these approximations?
leverage score sampling, etc. Tight & efficiently computable error bounds & estimates?



Randomized Subspace Approximations with Sketching

* Inputs: A € C™", sample size [ with k < [ < r = rank(A) (e.g., [ = 2k < r), number of power iterations
g € {0,1,2,---} (g < 2 usually)

N

» Outputs: RSVD(A, 1,q) = (U, € C™, T, € C*, V,€ C™)suchthat A, = U, T, V¥~ A

1. Randomized linear embedding (Johnson-Lindenstrauss transforms, etc.)

e Draw Q ~ P(C™) with i.i.d. entries Qi ~ N (0,171 such that E[QQ*] = I
2. Sketching with power iterations
* Randomized power iterations (unstable): X9 = (AA*)7AQ
* Randomized subspace iterations (stable): X\ = ortho(AQ), XV = ortho(A ortho(A*X“ 1)) V i € [¢]
3. Qy = ortho(X?)
4. (U, T, V] =svd(A*Qy)
5. U,=Q,U,
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Randomized Subspace Approximations with Sketching

* Inputs: A € C™", sample size [ with k < [ < r = rank(A) (e.g., [ = 2k < r), number of power iterations
g € {0,1,2,---} (g < 2 usually)

e U o

» Outputs: RSVD(A, 1,q) = (U, € C™, T, € C*, V,€ C™)suchthat A, = U, T, V¥~ A

1. Randomized linear embedding (Johnson-Lindenstrauss transforms, etc.)

e Draw Q ~ P(C™%) with i.i.d. entries Qi ~ N (0,171 such that E[QQ*] = I

2. Sketching with power iterations Isotropic embedding

* Randomized power iterations (unstable): X9 = (AA*)7AQ

* Randomized subspace iterations (stable): X\ = ortho(AQ), XV = ortho(A ortho(A*X“ 1)) V i € [¢]
3. Qy= ortho(X(?) Key observations: with X being the spectrum of A

4. [U,;, X, V,;] =svd(A*Qy) * Forany g € N, g power iterations correspond to X*4+1

N

5. U;=QyU, * Comparedto U, V enjoys half more power iterations (i.e., X**)

A



Canonical Angles: Alignment between Subspaces

® Canonical angles £(%,7") = (0, -+, 6,) measure the alignment between two subspaces %, 7" C C4 with
dimensions k, [ < d respectively (k < [ w.l.0.g), e.g.,

* True leading singular subspace: % = range(U,)
* Approximated leading singular subspace: 7" = range(/U\l)
* Left & right canonical angles of RSVD(A, [, g) = (TJ\Z, /il, /\71): Vielk]
sinz(Uy, U ) = 6,_; (L, — U, UHUY, cosz(U, U) = o(U Uy

sinz(Vis V) = 014, = V,VHV)), cosz(V, V) =0(V V)



Canonical Angles: Alignment between Subspaces

® Canonical angles £(%,7") = (0, -+, 6,) measure the alignment between two subspaces %, 7" C C4 with
dimensions k, [ < d respectively (k < [ w.l.0.g), e.g.,

* True leading singular subspace: % = range(U,)
* Approximated leading singular subspace: 7" = range(/U\l)
* Left & right canonical angles of RSVD(A, [, g) = (/ﬁl, /il, /\71): Vielk]
sinz(Uy, U ) = 6,_; (L, — U, UHUY, cosz(U, U) = o(U Uy

sinz(Vis V) = 014, = V,VHV)), cosz(V, V) =0(V V)

N

Prior v.s. posterior guarantees: computed without v.s. with the outputs (U ;, 2 ,, V )
* Prior guarantees are probabilistic, with randomness from Q ~ P(C™)

* Posterior guarantees are deterministic with given (U ;,, 2 ,, V)
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Outline
* Problem setup: randomized subspace approximations & canonical angles

¢ Prior probabilistic bounds/estimates & posterior residual-based

guarantees

* Numerical comparisons: effectiveness of canonical angle bounds & estimates

In practice



Space-agnostic Prior Probabilistic Bounds

Theorem 1. (Space-agnostic bounds under multiplicative oversampling. (D., Martinsson, Nakatsukasa, 2022))

r 9) r
, With Gaussian embedding; small g € N such that 7 = ( Z 0].4‘1+4) / Z (y],2(4‘1+4) = Q(]); oversampling [ = Q(k)
j=k+1 j=k+1

®* Noticethat 1 <n <r —kandusually r — k> [. n = C(]) refers to a realistic case with non-negligible

approximation error: when the tail of the spectrum {(fj}]’.":kJrl remains non-trivial after g power iterations

* With high probability (at least 1 — e "% — ¢=9) there exist e, =0OWk/), e, =0OK/l/n), e, e, € (0,1) such that,
Vie k]

1

_1 2
1 [ - 01-461+2 2 < Qi = 1 1 —¢ L - 01'461+2 2
+ 061,62 z” 5.4Q+2 o Slnéi(Uk’ v l) = 1 + €9 | zr 6.4q_|_2

1

1 _1
1 0 l . Gl-4q+4 ? < V /\7\ < 1 1 — 61 l . Gl4q+4 ’
+ O e, ST <sinZ(V,, V) < Te, . T
i=k+1 " j=k+1 "J

* Inpractice, taking e, =\/k/l, e, = \/l/(r — k) is sufficient for upper bounds when [ > 1.6k and g < 10

y
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Comparison with Existing Prior Probabilistic Guarantees

e Given Q ~ P(C™)), let Q, £ V€2 and Q, = Vi L. Then, ; ~ P(C*™!y and Q, ~ P(CU—0x0

\
* Prior work (Saibaba, 2018)1:

1

L 5ra+2 2 L srat4 2
sinZ,(U,, U) <[ 14 i , sinzZ(V,, V) <[ 1+ i
( szJzHQzQT 15 ) UzirirélHQzQT I5

where for [ > k + 2, given any 6 € (0,1), with probability at least 1 — 0,

e\ﬁ 2\ 2 n—k
QO < d ( Kk +/1 \/21 —>=Q \/
[[e3 1H2_l—k+1(5) Vn—k+4/1 0g ( l

* Theorem 1 is space-agnostic since the randomized linear embedding @ ~ P(C™) is isotropic

e Only depends on the spectrum {aj}]’.”:1 , but not on the singular subspaces (U,, U,,;) or (V,, V ;)

e |In proof, we took an integrated view on the concentration of Zf\q;lQZ

1. Saibaba, Arvind K. "Randomized subspace iteration: Analysis of canonical angles and unitarily invariant norms." SIAM Journal on Matrix Analysis and

Applications 40.1 (2019): 23-48.
8



Comparison with Existing Prior Probabilistic Guarantees

Isotropic embedding: €2,

e Given Q ~ P(C™), let Q, £ V€2 and Q, = Vi L. Then, ; ~ P(C*™ and Q, ~ P(CU—0x)
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_ o\ A st O\
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Comparison with Existing Prior Probabilistic Guarantees

e Given £ ~ P(C"XZ) let Ql = V*Q and Qz = V* kQ. Then, £, ~ P(Ckxz) and €2, ~ P(C(”_k)Xl) Isotropic embedding: £2,,
"\ €2, are agnostic of V;,V ;

* Prior work (Saibaba, 2018)1:

_ o\ A st O\
sinZ;(U,, U) <[ 1A i , SInZ(V,, V) < 1A i
4q+2 l 4g+4
Uk+_1|r HQzQT”z Uk+_1l_ HQZQTHZ

Recall the correspondence in

where for [ > k + 2, given any 6 € (0,1), with probability at least 1 — 0, Theorem " —k _dg#2
g+

—L Z 64q+2 k+1
[—k+1
19,97, < e\ﬁ —2 \/n—k \ﬂ 210 —2 = (2 n—k ] o

2412 =777\ S g P ] where the smaller values lead

to the tighter upper bounds

* Theorem 1 is space-agnostic since the randomized linear embedding €2 ~ P(C”XZ) s isotropic

e Only depends on the spectrum {6]-}]’7:1 , but not on the singular subspaces (U,, U,;) or (V,, V1)

e |In proof, we took an integrated view on the concentration of Zf\q;lQZ

1. Saibaba, Arvind K. "Randomized subspace iteration: Analysis of canonical angles and unitarily invariant norms." SIAM Journal on Matrix Analysis and

Applications 40.1 (2019): 23-48.
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Unbiased Space-agnostic Estimates

e Draw independent Gaussian random matrices {Q(lj) ~ P(CPY

o Unbiased canonical angle estimates a; =

sinz(U,, U 1) N = — Z (1 + o (226]+IQ(]) <23<1;19(])

] 1

sinz(U,, U)

, P = _:

: V. V)~ B = — Z: ( ) 2g+2 (J)

j=1

* Low variance in practice (i.e., negligible when N > 3)

sinz(V,, V)

* Can be computed efficiently with O(Nrl?) operations (for a given spectrum X)

j € N1} and { 0 ~ P07 |j € [N] |

V i € [k] such that

* Forany k < [ < r, without further assumptions on the sample size (e.g., n = (1), [ = (k))



Unbiased Space-agnostic Estimates

e Draw independent Gaussian random matrices {Q(lj) ~ P(C*h]j e [N]} and {Q(zj) ~ P(CU=0xhy | e [N]}

e Unbiased canonical angle estimates a; = E [sin£ (U, ﬁl) , p; = E |sing,(V,, /V\l) V i € [k] such that

2q+1 2q+1 T ’ 1 Fe¢ - 04Q+2
sinz(U,, U l) N QA= — Z 1 + o7 2 al Q(]) (nglj Q(J)> Corresponds to : in

1 +¢ r 4q+2
] 1 2 Zj=k+16J

the upper/lower bounds of Theorem 1

' ~ 1 — ) { v29+20())
sinz (Vi V)~ f = — 3 (1 (2 T7+2Q0 (zrgk m) ))

j=1
* Low variance in practice (i.e., negligible when N > 3)

* Can be computed efficiently with O(Nrl?) operations (for a given spectrum X)

* Forany k < [ < r, without further assumptions on the sample size (e.g., n = (1), [ = (k))



Posterior Residual-based Guarantees

1. Posterior bounds based on full residuals: Theorem 2. (D., Martinsson, Nakatsukasa, 2022)

Ok—i+1 ((Im — /U\J/U\z*) A) O} ((Im — /U\Z/U\l*> A)

Y Sinli(Uk, U l) S N\
Ok O;

* Deterministic and algorithm-independent (e.g., holds for any k < [ < r, and any embedding €2)

® Can be approximated with O(mnl) operations

2. Posterior bounds based on sub-residuals: Theorem 3.

g, A TT % AA A IT % AA A TT AA A 013— HE33H% A 013— HE33”%
° Let 31 — U m\[ V fer E32 — U m\I V I\k’ E33 — U m\[ V n\l’ Fl — o , Fz = HE33H2
Assume o, > ||Es;]|,. Then, for any unitary invariant norm || - ||, || sin£(U,, /U\z)H < H[E31,E32]H/F1

* Deterministic and holds for any k < [ < r, and any embedding €2

® Can be approximated with O(mnl) operations

10



Outline

* Problem setup: randomized subspace approximations & canonical angles
* Prior probabilistic bounds/estimates & posterior residual-based guarantees

® Numerical comparisons: effectiveness of canonical angle bounds &

estimates in practice

11



Space-agnostic bounds & estimates win on MNIST:
Polynomial spectral decay

sin L(Uk, X), k=50, I=80, q=0 sin4L(Vy Y). k=50, I=80, q=0 sin4L(UX), k=50, I=80, gq=1 sin4L(Vk Y) k=50, 1=80, gq=1

: 107 ;
1]

101 ; 10 4 r"r*_rrﬁ 10_1 ‘ 10_1 |
=t 2]

1 . 10 ‘ ’ 10-3 -
1073 -

1074 | 107
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sin L(Uk, X), k=50, I=80, q=5 sin4L(Vk Y), k=50, I=80, q=5 sin 4L(Uk X), k=50, I=80, q=10 sin 4L(Vy, Y). k=50, I=80, gq=10
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10-10 il 10-—10 J 10-—10 J 10-10 A
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Black line: true

canonical angles

¢e" N EEEEEEESEEEEEEEEEEEN
L 4

Blue lines/dashes (with shade): unbiased space-agnostic estimates computed withapproximate :::singular values
Red lines/dashes: space-agnostic upper bounds with true/approximated singular values, €; = v/ k/l, e, = \/l/(r — k)

Meganta lines/dashes: (Saibaba, 2018) bounds with true/approximated singular values and the true singular subspaces
Cyan & green lines/dashes: Posterior residual-based bounds in Theorem 2 & 3 with true/approximated singular values

shade = min/max in

N = 3 samples =
negligible variance!
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How about space-agnostic lower bounds in practice: MNIST

sin L(Uk, X), k=50, =200, gq=0 sin 4L(V, Y), k=50, =200, q=0 sin L(Uk, X), k=50, =200, gq=1 sin 4L(Vk, Y), k=50, =200, g=1
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bounds in Theorem 2 & 3 (withapproximated}singular values), and true canonical angles
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Space-agnostic upper bounds and lower bounds with true singular values and €; =/ k/l, e, = \/l/(r — k)
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How about space-agnostic lower bounds in practice: MNIST

sin L(Uk, X), k=50, =200, gq=0 sin 4L(V, Y), k=50, =200, q=0 sin L(Uk, X), k=50, =200, gq=1 sin 4L(Vk, Y), k=50, =200, g=1
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Unbiased space-agnostic estimates, space-agnostic upper bounds, (Saibaba, 2018) bounds, Posterior residual-based
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bounds in Theorem 2 & 3 (withapproximated}singular values), and true canonical angles

sin L(Uk, X), k=50, =200, gq=0 %in L(Vi, Y), k=50, =200, q=0 sin L(Uk, X), k=50, =200, g=
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Space-agnostic upper bounds and lower bounds with true singular values and €; =/ k/l, e, = \/l/(r — k)
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When are posterior bounds more effective:
Exponential spectral decay + low-error regimes

sin L(Uk, X), k=50, =80, q=0 sin4L(Vg Y). k=50, I=80, q=0 sin4L(Uk X), k=50, I=80, gq=1 sin4L(Vk Y) k=50, 1=80, g=1
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Unbiased space-agnostic estimates, space-agnostic upper bounds, (Saibaba, 2018) bounds, Posterior residual-based
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bounds in Theorem 2 & 3 (withapproximated}singular values), and true canonical angles

-----------------------
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When are posterior bounds more effective:
Exponential spectral decay + low-error regimes

sin L(Uk, X), k=50, =80, q=0 sin4L(Vg Y). k=50, I=80, q=0 sin4L(Uk X), k=50, I=80, gq=1 sin4L(Vk Y) k=50, 1=80, g=1
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When are posterior bounds more effective:

Exponential spectral decay + low-error regimes

-
4

n £L(Ug X), k=50, I=80, gq=0
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sin L(Uk, X), k=50, =200, gq=0 sin L(V, Y),. k=50, =200, gq=0 sin L(Uk, X), k=50, =200, g=1 sin 4L(Vy, Y), k=50, =200, g=1
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arXiv: https://arxiv.org/abs/2211.046/76

GitHub: https://github.com/dyjdongyijun/
Randomized Subspace_Approximation
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