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Low Intrinsic Dimension & Data Selection

®* Low intrinsic dimension is ubiquitous in real world

®* Example: A language model with 341M parameters can be finetuned in a dimension-322 subspace with
less than 6K samples [Aghajanyan-Zettiemoyer-Gupta-2020]

® Learning under low intrinsic dimension with limited data, data selection becomes crucial
|

Low intrinsic Possible failure
dimension Good data selection of data selection
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®* Example: A language model with 341M parameters can be finetuned in a dimension-322 subspace with
less than 6K samples [Aghajanyan-Zettiemoyer-Gupta-2020]

® Learning under low intrinsic dimension with limited data, data selection becomes crucial
|

Low intrinsic Possible failure
dimension Good data selection of data selection

How to select informative data for learning under low intrinsic dimension?

® Learning without noise: low-rank interpolative decomposition (ID)

® Learning with noise: low-rank approximation (bias) + variance reduction
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Robust Blockwise Random Pivoting:
Fast and Accurate Adaptive Interpolative Decomposition
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Interpolative Decomposition (ID)

® Given a data matrix X = [x;, ---,xn]T e R™4 Xs
kxd

®* Atargetrank 1 < r < rank(X) Y

nXd ~ nxk
® An error tolerance 7 > ()

* Aim to construct an ID of X X~ (XX;L)XS such that
E(S) = IX — (XXDXll7 < 7l X]I7
* S =1{sy, -, 8.} C [n] contains indices for a skeleton subset of size |$| = k (usually k <K n)

* X. =[x, -, x.]" € R*js the row skeleton submatrix corresponding to S
S 31 \yA

e W = XX; e R™k s an interpolation matrix for the given skeleton subset $



Adaptiveness & Randomness

® Adaptiveness

® Each new skeleton selection is aware of the
previously selected skeleton subset

® By selecting according to the residual
®* Common adaptive residual updates:
®* Gram-Schmidt (QR)

® Gaussian elimination (LU)
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Adaptiveness & Randomness

® Adaptiveness ®* Randomness (in contrast to greedy)
®* Each new skeleton selection is aware of the ®* Intuition: balance exploitation with exploration
jousl | kel
previously selected skeleton subset * Effectively circumvent adversarial inputs for
® By selecting according to the residual greedy methods
®* Common adaptive residual updates: ® Achieve appealing skeleton complexities in
expectation

®* Gram-Schmidt (QR)

® _ : :
* Gaussian elimination (LU) Common randomness: sampling, sketching

A

P1+¢

Randomness

X X o vs.

:.. o® ® o® o o® o o—
37 A 1+ & YA 1+ €&




Skeleton Selection: A General Framework

A framework for (blockwise adaptive) skeleton selection Adaptiveness

Adaptive Sampling

° . nXd
Inputs: X € R 7€ (0,1) Sequential
(0) (0) b= 1 Greedv Pivotin [Deshpande-Vempala-2006]/
* XV« X SVYVew@ t< 0 ~ (C>I/’QR) J RPCholesky [Chen-Epperly-
T -Webber-2022] (SRP
* while &(5®) > 7||X||% do ropp-Webber-2022] (SRP)
*t—1t+1
® Select |S,| = b skeletons §, based on l<b<k
—1
( (X))
1€|n|
. S(t) < S(t_l) - St Squared-norm
= S li
o X L y(=1) <Ia’ _ ngSt) b=k (sz;rrl:lp;:‘r;g‘;)
* S« SO k=S e
‘ | P = éi,argmalellel% D = i % Randomness
l X %




Skeleton Selection: A General Framework

A framework for (blockwise adaptive) skeleton selection Adaptiveness

* Inputs: X € R™“ 7 € (0,1) Sequentia
* XO X, SO 3,10 b=1 Gree(g{,gvgt‘“g
* while £(S) > 7||X||% do
*t—1t+1
Blockwise
® Select |S,| = b skeletons §, based on l1<b<k Greedy
Pivoting (BGP)

Cla)

* SV~ §t=Dygs

1€|n|

Adaptive Sampling
[Deshpande-Vempala-2006]/
RPCholesky [Chen-Epperly-
Tropp-Webber-2022] (SRP)

Blockwise
Random
Pivoting (BRP)

Squared-norm

t —1 b=k Sampling
o X0 — x-D <1d _ XgXS) sampling
—_—eeeeeeee
*S < SY k=S| 5
P = éi,argmalellel% D = Xill2 - Randomness
l X %
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Skeleton Selection: Other Methods

Sampling methods Sketchy pivoting

* DPP/volume sampling [Deshpande-Rademacher- * Inputs: X € R4 k < rank(X),
Vempala-Wang-2006, Belabbas-Wolfe-2009, etc.]

| |  Draw JLTQ € R™* (e.g., Q.. ~ #(0,1/k) i.i.d.)

®* Pro: nearly optimal expected skeleton complexity J

° : _ k
* Con: expensive to compute Sketching ¥ = XQ € R™

* Leverage score sampling [Mahoney-Drineas-2009, * Greedy pivoting: fort =1,---, k

Cohen-Musco-Musco-2017, etc. , , ,
| ®* Row pivoted QR (CPQR) [Voronin-Martinsson-2017]:

®* Pro: can be estimated efficiently for large-scale s, < argmax HYi(f—l)H% + Gram-Schmidt
problems (e.g., tensor Khatri-Rao product) ; :

®* Con: expensive to compute ®* LU with partial pivoting (LUPP) [D-Martinsson-2023]:

s, <= argmax | Yl.(i_l)\ + Gaussian Elimination
i 2

* Uniform sampling [Cohen-Lee-Musco-Musco-Peng-

Sidford-2015]

®* Pro: fast, accurate, robust to adversarial inputs
® Pro: linear time

® Con: require prior knowledge of k

®* Con: require/depend on matrix incoherence



Pitfall of Plain Blockwise Greedy/Random Pivoting

A

Optimal (
(0,0,20) [+ 4(0,15)
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®* Sequential pivoting ( & SRP) is nearly optimal

e.

o . . L .
* Plain blockwise pivoting (BRP/BGP, especially BGP) suffers

from suboptimal skeleton complexities (up to b times)

®* Squared-norm sampling (SgNorm) tends to fail



Robust Blockwise Random Pivoting

A

Robust Blockwise Random Pivoting (RBRP)

®* Inputs: X € R4 7 (0,1) (0’0920‘).': N (0.13)

e XU . X SO & r 0 (0,30,0) + A4(0,15)
. 3

* while &) > 7||X||% (t < t+ 1) do

(10460) + H(0.15)
o Select |S,| = b skeletons S, based on (pl- (X(t_l))>

1€[n]

® Robust blockwise filtering (RBF)

e 7 — CPQR <XS(I_1)> € S, (SRP and CPQR both work)

e min b's.t. || Xc = X2 < || XA (e T, = =)
=S (x( 1) S, SIHF S pllagllp b~

+ SO« SV §and X0 XD (1, - XS’f,XS)

* S S k=|S]



Robust Blockwise Random Pivoting

A

Robust Blockwise Random Pivoting (RBRP)

®* Inputs: X € R4 7 (0,1) (090920‘).': N (0.13)

e XU . X SO & r 0 (0,30,0) + A4(0,15)
. 3

* while &) > 7||X||% (t < t+ 1) do
(104.0) + /(0.13)

o Select |S,| = b skeletons S, based on <pl- (X(t_l))>

ie[n] ‘
® Robust blockwise filtering (RBF) Robust blocklwise filtering
e 7 — CPQR <X5(’t_1)> € S, (SRP and CPQR both work) A
. 0,0,20)[+ A4(0,1;)
o min b’ s.t. || Xc = X2 < Tl X% (e.g., 7. = —) (0.0, "3
S/=S,(n(1:b") IXs, = X5l < X5 llF (0.0 7, b G
(0,30,0) + H(0,1)
e SO §O-D g and XO « XD (Id _ X’f,XS,> .
A ° ~

* S« 8D k=|S] (100,0) + 4(0,1;) |S;



Robust Blockwise Random Pivoting: Efficiency

ID runtime: b=30, T, =1/b, I = 3.0k

ID errors: b=30, T, =1/b, I = 3.0k
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ockwise filtering (RBRP and

) brings nearly optimal skeleton complexities

9

can be slowed down more significantly than RBRP by robust blockwise filtering




Summary and Questions

® Blockwise pivoting exploits the efficiency of Level-3 BLAS, bringing much better hardware
efficiency than sequential pivoting

® For adversarial inputs, plain blockwise pivoting can pick up redundant points

®* Robust Blockwise Random Pivoting (RBRP) leverages robust blockwise filtering (RBF), a
local greedy filtering step with negligible additional cost, as an effective remedy for such
vulnerability

® Alternative to RBF, Epperly-Tropp-Webber-2024 showed that rejective sampling can also
serve as a remedy for a closely related problem of Cholesky decomposition

10
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Summary and Questions

® Blockwise pivoting exploits the efficiency of Level-3 BLAS, bringing much better hardware
efficiency than sequential pivoting

® For adversarial inputs, plain blockwise pivoting can pick up redundant points

® Robust Blockwise Random Pivoting (RBRP) leverages robust blockwise filtering (RBF), a
local greedy filtering step with negligible additional cost, as an effective remedy for such
vulnerability

® Alternative to RBF, Epperly-Tropp-Webber-2024 showed that rejective sampling can also
serve as a remedy for a closely related problem of Cholesky decomposition

With the shared virtue of low intrinsic dimension, are there connections
between |ID and finetuning?

Beyond low-rank approximation, are “redundant” points necessarily bad?
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Data Selection for Finetuning

® Large full dataset X = [x,, ---,xN]T c IV, y=1y, Vv € R drawn i.i.d. from unknown distribution P
® Finetuning functionclass & = {f(-;0) : & — R | 8 € O} with parameters ® C R’

® Pre-trained initialization 0, € R" (without loss of generality)

® Ground truth 8; € O such that E[y | x] = f(x; 0:) and V[y | x] < &°

Select a small coreset (X, y¢) C X" X R" of size n indexed by S C [/N] such that:

|
(1) 6= argmin—||f(Xg; 0) — ysll5 + al|6]|5
0e® Nn

®* Low-dimensional data selection: r < n, (1) = linear regression (a = ()

®* High-dimensional data selection: » > n, (1) = ridge regression (a > 0)

[



Finetuning falls in the Kernel Regime

® Finetuning dynamics fall in the kernel regime:

- J(-505)
J(x;0) = f(x;0,) + Vo f(x;0,) 0
® With a suitable pre-trained initialization (i.e. f(-,0.) is close F-:0)
0 f( -, 6), [|6:l, is small sies
* LetG = V,f(X;0) € R" and G, = V, f(X;0,) € R, ' '
(1) i1s well approximated by: -' \/
|0:]|, is small

1
(2) 6Og=arg IQIESZHGSH — (yg — J(Xs; (),,))H% + QHQH%

* Aim to control the excess risk ER(6¢) = ||6; — (%H% where
2 =E, p[Vof(x;0)Vyf(x;0,) ] € R™

* letX, = Gy Gg/n > 0

12



Finetuning falls in the Kernel Regime

® Finetuning dynamics fall in the kernel regime:

- J(-505)
J(x;0) = f(x;0,) + Vo f(x;0,) 0
® With a suitable pre-trained initialization (i.e. f(-,0.) is close F-:0)
0 f( -, 6), [|6:l, is small sies
* LetG = V,f(X;0) € R" and G, = V, f(X;0,) € R, ' '
(1) i1s well approximated by: -' \/
|0:]|, is small

1
(2) 6Og=arg IQIESZHGSH — (yg — J(Xs; (),,))H% + QHQH%

* Aim to control the excess risk ER(6¢) = ||6; — (%H% where
2 =E, p[Vof(x;0)Vyf(x;0,) ] € R™

* letX, = Gy Gg/n > 0

r = number of finetunable parameters

(n < rin overparametrized regime)
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Qs: Are there connections between ID and finetuning?

® In the noiseless setting o = 0, the generalization error is controlled by the bias:

E[ER(0)] <|tr(Z — ZG[Go)||0-15

13



Qs: Are there connections between ID and finetuning?

® In the noiseless setting o = 0, the generalization error is controlled by the bias:

E[ER(Gg)] <|tr(Z — ZGIGy)]10:13

Theorem (Variance-bias tradeoff): Given a coreset S of size n, let P, € R"™" be the orthogonal projector
onto any subspace & C Range(2), and P; = [, — P,. There exists a > 0 such that (2) satisfies

2

0
[ER@O)] < min  —tr(S(P,ZP,)) H2tr(ZP1))16.12
SCRange(x,) N X g )
) ” bias

variance

® For a noiseless finetuning problem, accurate ID brings good data selection

®* In high-dimensional data selection, bias is controlled by the low-rank approximation error

®* Will see: learning with noise o > 0, “redundant” points are critical for variance reduction!

13



Sketchy Moment Matching: Toward Fast and Provable
Data Selection for Finetuning
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In Low Dimension: Variance Reduction

® Consider fixed design for simplicity: 2 = E,_p[ V,/f(x;0,) V, f(x; O,,)T] =G'GIN

* Low-dimensional data selection: rank(G) = r < n such that X3 = G¢ Gy/n > 0

2
o
e V(ariance)-optimality characterizes generalization: E[ER(6y)] < —tr(ZZEI)

Unlform sampling achieves nearly optimal sample complexity in low dimension: Assuming
.HVQf( ;0,)||, £ B and X > yI. With probability > 1 — 6, X; sampled uniformly from X satisfies

15



In Low Dimension: Variance Reduction

® Consider fixed design for simplicity: 2 = E,_p[ V,/f(x;0,) V, f(x; O,,)T] =G'GIN

* Low-dimensional data selection: rank(G) = r < n such that X3 = G¢ Gy/n > 0

2

o
e V(ariance)-optimality characterizes generalization: E[ER(6y)] < —tr(ZZEI)
n

Uniform sampling achieves nearly optimal sample complexity in low dimension: Assuming
|V f(-50)], £ Band X > yl.. With probability > 1 — 6, X sampled uniformly from X satisfies

Optimal rank-t

approximation
(truncated SVLC

Assumption (Low intrinsic dimension): For X = G 'G/N, let 7 = min{t € [r] | tr(Z — < tr(2)/N}

be the intrinsic dimension of the learning problem. Assume ¥ << min{N, r}

Can the low intrinsic dimension of fine-tuning be leveraged when r > n (2 is low-rank)?

15



Optimal rank-7

approximation
(truncated SVD)

With Low Intrinsic Dimension: Variance + Bias



Optimal rank-7

approximation
(truncated SVD)

With Low Intrinsic Dimension: Variance + Bias

Corollary (Exploitation + exploration): Given S C [N], for & C Range(2¢) with rank(P,) < 7, if

® Variance is controlled by exploiting information in &: P ¢(cg2¢ — 2)P ¢ > 0 for some c¢ > n/N; and

N
e Bias is controlled by exploring Range() for an informative & tr(ZP?) < —tr(X — (X),). Then,
n

1
“[ER(0y)] < variance + bias S —(cs077 + tr(X)]]6x||3)
n



Optimal rank-7

approximation
(truncated SVD)

With Low Intrinsic Dimension: Variance + Bias

Corollary (Exploitation + exploration): Given S C [N], for & C Range(2¢) with rank(P,) < 7, if

® Variance is controlled by exploiting information in &: P ¢(cg2¢ — 2)P ¢ > 0 for some c¢ > n/N; and

N
e Bias is controlled by exploring Range() for an informative & tr(ZP?) < —tr(X — (X),). Then,
n

1
“[ER(0y)] < variance + bias S —(cs077 + tr(X)]]6x||3)
n

* Sample efficiency: With suitable selection of § C [N ], the sample complexity of finetuning is linear in
the intrinsic dimension 7, independent of the (potentially high) parameter dimension r



Optimal rank-7

approximation
(truncated SVD)

With Low Intrinsic Dimension: Variance + Bias

Corollary (Exploitation + exploration): Given S C [N], for & C Range(2¢) with rank(P,) < 7, if

® Variance is controlled by exploiting information in &: P ¢(cg2¢ — 2)P ¢ > 0 for some c¢ > n/N; and

N
e Bias is controlled by exploring Range() for an informative & tr(ZP?) < —tr(X — (X),). Then,
n

1
“[ER(0y)] < variance + bias S —(cs077 + tr(X)]]6x||3)
n

* Sample efficiency: With suitable selection of § C [N ], the sample complexity of finetuning is linear in
the intrinsic dimension 7, independent of the (potentially high) parameter dimension r

How to explore the intrinsic low-dimensional structure efficiently for data selection?

X



Explore Low Intrinsic Dimension: Gradient Sketching

® Gradient sketching: Randomly projecting the high-dimensional gradients G = V, f(X;0,) € RVXT with
r > n to a lower-dimension m = O(7) < r via a Johnson-Lindenstrauss transform (JLT) " € R™"

* Common JLT: a Gaussian random matrix with i.i.d entries I';; ~ N (0,1/m)

16



Explore Low Intrinsic Dimension: Gradient Sketching

® Gradient sketching: Randomly projecting the high-dimensional gradients G = V, f(X;0,) €
r > n to a lower-dimension m = O(7) < r via a Johnson-Lindenstrauss transform (JLT) I &

* Common JLT: a Gaussian random matrix with i.i.d entries I';; ~ N (0,1/m)

RN \with

Rr)(m

Theorem (Gradient sketching): For Gaussian embedding I’ € R"™™ with m > 117, let Y =TTl and
Y =T"ZI. If the coreset S C [N] satisfies rank(Z) = n > m and the [1.17]-th largest eigenvalue

St1.17(Zs) = ¥s > 0, then with probability at least 0.9 over I, there exists a > 0 such that

2 2
0 ~ — o 1 — — ] — —
F[ER(09)] S —tr(Z(Z )" IZ(Z 9 lotr(Z) + = Z(Z )"l ptr(Z)[|60:]15
n n myg n
variance ‘ sketching error J bias

e If S further satisfies ¥ < ngs for some cg > n/N, with m = max {4/tr(Z)/ys, 117},

C(ER(09)] < = (6%m + tr(2)|6:]12)
n

16
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®* Gradient sketching: Randomly projecting the high-dimensional gradients G = V, f(X;0,) €
r > n to a lower-dimension m = O(7) < r via a Johnson-Lindenstrauss transform (JLT) I &

* Common JLT: a Gaussian random matrix with i.i.d entries I';; ~ N (0,1/m)

RVXF \with

Rr)(m

Theorem (Gradient sketching): For Gaussian embedding e R™™ withm > 117, let Y =TT3I and
ZS =T""ZI. If the coreset S C [N] satisfies rank(Z¢) = n > m and the [1.17]-th largest eigenvalue

St1.17(Zs) = ¥s > 0, then with probability at least 0.9 over I, there exists a > 0 such that

2 oS T R

--------------------------

— ] rzoszzreeeee
F[ER(0)] S — (2 (T 9+ — T E ) HE<ZS> 50 16:113
S

velilelles sketching error bias

e If S further satisfies ¥ < ngs for some cg > n/N, with m = max {4/tr(Z)/ys, 117},

C(ER(09)] < = (6%m + tr(2)|6:]12)
n
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Control Variance: Sketchy Moment Matching (SKMM)

Gradient sketching

® Draw a (fast) JLT (e.g. Gaussian random matrix) I' € R"™"

Efficiency of SKMM: (recall m << min{N, r})

® Gradient sketching is parallelizable with input-
sparsity time: for nnz(G) = #nonzeros in G

—

®* Sketch the gradients G = V, f(X;0,)]" € RVXm

Moment matching

® Spectral decomposition Y = GTG/N = VAVT with
V=1lv,--v | A=dag,- -, 1,)

® Gaussian embedding: O(nnz(G)m)
® Fast JLT (sparse sign): O(nnz(G)log m)

* Moment matching takes Q(m?>) for spectral

decomposition. The optimization takes O(Nm)
per iteration

* Initialize s = [y, :*+, sx] with s; = 1/n for n uniformly sampled
1 € [N]and s; = 0 otherwise

®* Sample a size-n coreset S C |N] according to the distribution s

that solves the optimization problem — —
Relaxation of ~ < ¢¢2

* Y <Xy = V(G (G)/n)V > Alcg

m
° ° TNT . —~—~— 2
min min (v.' G "diag(s) Gv; — y;4.)
SE[O,I/FL]N }/:[yl,...,}/m]eRm Z J ] ]

j=1
st. Isll; =1, y;>1/cgV j€E[m] ® Assume 2, 2. commute such that imposing m
diagonal constraints is sufficient




Control Variance: Sketchy Moment Matching (SKMM)

2racient sketcin Efficiency of SKMM: (recall m << min{V, r})
® Draw a (fast) JLT (e.g. Gaussian random matrix) I' € R"™"

® Gradient sketching is parallelizable with input-

—

® Sketch the gradients G = V, f(X;0)I" € R sparsity time: for nnz(G) = #nonzeros in G
Moment matching ® Gaussian embedding: O(nnz(G)m)
* Spectral decomposition = = G ' G/N = VAV with ® Fast JLT (sparse sign): O(nnz(G)log m)

V=1lv,-v | A=dag.--.1.)

Select S C [N] of size ‘S‘ — 7 that 1ing takes O(m°) for spectral
The optimization takes O(Nm)

* Initialize s = [sy, ---, sy] with
i € [N]and s; = 0 otherwisFeduces the sketched V-optimality:

® Sample a size-n coreset S C ESASERS:
that solves the optimization tI'( 2 ( 2 S) ) . ’E’
Relaxation of 2 < ¢¢ 2 ¢:

: : T ~TA: Ty v 1)2 —_— —_— ~ ~
min min Z(Vj G diag(s) Gv; — 7;4) * ¥ <( X = VT((G)g(G)S/n)VZA/CS

s€[0,1/n1Y y=[y,*+,¥,JER" j=1

st. Isll; =1, y;>1/cgV j€E[m] ® Assume 2, 2. commute such that imposing m

diagonal constraints is sufficient
17



SKMM on Synthetic Data: Regression

Synthetic high-dimensional linear probing Baselines
® .

® Gaussian mixture model (GMM) G € RM*" Rerding
®

Uniform sampling

* N=2000,r =2400 > N
®* K-center greedy

* 7 = 8 well separated clusters of random sizes .

Adaptive sampling/random pivoting

o : .
Grid search for the nearly optimal a > 0 ®* T(runcated)/R(idge) leverage score sampling

Table 1: Empirical risk £p(0g) on the GMM dataset at various n, under the same hyperparameter
tuning where ridge regression over the full dataset D with N = 2000 samples achieves Lp(0;n]) =
2.95e-3. For methods involving sampling, results are reported over 8 random seeds.

n 48 64 80 120 400 800 1600
Herding 7.40e+2 7.40e+2 7.40e+2 7.40e+2 7.38e+2 1.17e+2 2.95¢-3
Uniform (1.14 =2.71)e-1  (1.01 = 2.75)e-1 (3.44 =0.29)e-3 (3.13 = 0.14)e-3 (2.99 £ 0.03)e-3 (2.96 = 0.01)e-3  (2.95 £ 0.00)e-3

K-center (1.23 = 0.40)e-2 (9.53 = 0.60)e-2 (1.12 =0.45)e-2 (2.73 = 1.81)e-2 (5.93 =4.80)e-2 (1.18 =0.64)e-1 (1.13 = 0.70)e+0
Adaptive (3.81 =0.65)e-3 (3.79 &= 1.37)e-3 (4.83 =1.90)e-3 (4.03 = 1.35)e-3 (3.40+=0.67)e-3 (7.34 =3.97)e-3 (3.19 £ 0.16)e-3

T-leverage
R—-leverage

(0.99 = 1.65)e-2
(4.08 = 1.58)e-3

(3.63 £ 0.49)e-3
(3.48 £ 0.43)e-3

(3.30 = 0.30)e-3
(3.25 = 0.31)e-3

(3.24 = 0.14)e-3
(3.09 = 0.06)e-3

(2.98 £ 0.01)e-3
(3.00 &= 0.02)e-3

(2.96 = 0.01)e-3
(297 = 0.01)e-3

(2.95 £ 0.00)e-3
(2.95 £ 0.00)e-3

SkMM

(3.54 £ 0.51)e-3

(3.31 £ 0.15)e-3

(3.12 = 0.07)e-3

(3.07 £ 0.08)e-3

(2.98 £ 0.02)e-3

(2.96 = 0.01)e-3

(2.95 £ 0.00)e-3

18



SKMM on Synthetic Data: Regression
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SKMM simultaneously controls variance and bias

n,=73 ¢ Bias reduction ny, =0 Variance reduction
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SKMM simultaneously controls variance and bias

| : : : :
n,=3 ® Bias reduction n, =0 Variance reduction

"G‘radient sketching: \,\,\‘Moment matching:
| Bias. reduction via & /| Variance reduction in &

-----
----
....
- -
""""
- -
_____
- -
_____
- -
.-
PEad

PEad

PEad
PEad

20



SKMM for Classification: Linear Probing (LP)

Table 2: Accuracy and F1 score (%) of LP over CLIP on StanfordCars

StanfordCar dataset

® 196 imbalanced classes

* N=16,185 images

Linear probing (LP)
®* CLIP-pre-trained ViT

* r = 100,548

n 2000 2500 3000 3500 4000
Unifanm Samnlin Acc 67.63+0.17 7059+ 0.19 7249+0.19 7416+ 022 75.40+0.16
plng F1 6454 +0.18 67.79+023 70.00+020 71.77+023 73.14+0.12
Herding [60 Acc 67224016 71.02+0.13 73.17+022 74.64+0.18 75.71 +0.29
gl F1 6407 +023 6828+0.15 70.64+028 7222+026 73.26+0.39
Contextual Diversity {1 A€ 67.64 +0.13 7082+023 7266+0.12 7446+0.17 7577 +0.12
xtdal LIversily F1 6451+0.17 68.184+025 70.05+0.11 72.13+0.15 73.35+0.07
Glister [@3 Acc 67.60+024 70.85+027 73.07+026 74.63+021 76.00+0.20
F1 6450+034 68.07+038 70474035 72.18+025 73.69+ 0.24
GraNd (63 Acc 6727 +0.07 7038 +007 72.56+0.05 74.67+0.06 7577 +0.12
| F1 64.04+009 6748+0.09 69.81+008 72.13+0.05 73.44+0.13
Foreetting F0 Acc 6759 +0.10 7099 4+ 0.05 72.54+0.07 74.81+005 75.74+0.01
geting | F1 6485+0.13 6853+0.07 70304005 7259+0.04 73.74+0.02
DeepFool (591 Acc 67.77+029 7073+022 73244022 7457+023 7571 +0.15
P | F1 64.16+068 6849+ 053 70934032 72444027 73.79+0.15
Entropy (19 Acc 6795+0.11 71.00+0.10 7328 +0.10 75.02+0.08 75.82+ 0.06
Py 127 F1 6455+0.10 6795+0.12 70.68+0.12 72.46+0.12 73.29 + 0.04
Margin [0 Acc 6753+0.14 71.194+ 009 73.09+0.14 74.66+0.11 7557 +0.13
gin | F1 64.16+0.15 6833+0.14 7037+0.17 72.03+0.11 73.14+0.20
Least Confidence [[9] A< 67.68 £ 0.11 7099 +0.14 73.04+0.05 74.65+0.09 75.58+ 0.08
F1 64.09+020 68.03+020 70304007 72.02+0.10 73.15+0.12
SEMMLLD Acc 6827 +£0.03 71.53+0.05 73.61+0.02 75.12+0.01 7634+ 0.02
F1 6529 +0.03 68.75+0.06 71.14+0.03 72.64+0.02 74.02+0.10

Last-two-layer finetuning (FT)

® ImageNet-pre-trained ResNet18

* r=12,459.844



SKMM for Classification: Last-two-layer Finetuning (FT)

Table 3: Accuracy and F1 score (%) of FT over (the last two layers of) ResNet18 on StanfordCars

StanfordCar dataset

® 196 imbalanced classes

* N=16,185 images
Linear probing (LP)

® CLIP-pre-trained ViT
* r=100,548

Last-two-layer finetuning (FT)

n 2000 2500 3000 3500 4000
Uit orn Samntin Acc 29.19+037 3283+0.19 3569+0.35 3831+0.16 40.35+0.26
ping F1 26.14+039 2991 +0.16 32.80+0.37 3538+0.19 37.51+0.23

Herding [00 Acc 29.19+021 3242+0.16 35.83+024 3830+0.19 40.51+0.19

g F1 2590+024 2948 +023 32894027 35504022 37.56+0.21
Contextual Diversity [I] Ac¢ 2850034 3266027 3567+£032 3831015 40.53+0.18
y F1 25.65+040 29.79+029 32864031 3555+0.14 37.81+0.23

Giister [@3 Acc 29.16 £026 3291+0.19 36.03+020 38.16+0.12 4047 +0.16

1ster F1 26334019 30.05+028 3326+0.18 3541+0.14 37.63+0.17

GraNd [63 Acc 2859+0.17 32.67+020 3583+0.16 3858+0.15 40.70+0.11

| F1 2566 +0.15 2970 +022 3276+0.16 35.724+0.15 37.83+0.11

Forgetting 75 Acc 2861 +031 3248+028 35.184+024 37.78+022 4024 +0.13

geting | F1 25.64+025 2958+030 32384020 35.16+0.18 37.41+0.14
DeepFool [53 Acc 2497 +020 29.02+0.17 3260+0.18 3559-+024 38.20+0.22

P - F1 22.1140.11 26.08+029 29834027 32924033 3547 +0.22

Etooy [T Acc 28.87+0.13 3284+020 3564+020 37.96+0.11 40.29+ 0.27

Py F1 2595+0.17 30.03+0.17 32854023 35.194+0.12 37.33+0.34

Margin [T Acc 29.18+0.12 3273+0.15 35.67+030 38274020 40.58+0.06

gin | F1 26.15+0.12 29.66+0.05 32.86+030 35.61+0.17 37.77+0.07

L east Confidence [19]  ACC 29.05+0.07 32884013 3566+0.18 3825+£020 39.91+0.09
| F1 26.18+0.04 30.03+0.14 3279+0.15 35424+0.16 37.14+0.12

- Acc 29.44 +0.09 3348 +0.04 36.11+0.12 39.18+ 0.03 41.77 + 0.07

F1 26.71+0.10 30.75 +0.05 3324+ 0.05 36.38+0.05 39.07+0.10

® ImageNet-pre-trained ResNet18

* r=12,459.844



Takeaways

® Arigorous generalization analysis on data selection for finetuning
®* Low-dimensional data selection: variance reduction (V-optimality)

®* High-dimensional data selection: variance-bias tradeoff

® Gradient sketching provably finds a low-dimensional parameter subspace & with small bias

®* Reducing variance over & preserves the fast-rate generalization O(dim(&’)/n)
®* SkMM — a scalable two-stage data selection method for finetuning that simultaneously
* Explores the high-dimensional parameter space via gradient sketching and

® Exploits the information in the low-dimensional subspace via moment matching
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